Abstract: Cyclic codes have efficient encoding and decoding algorithms over finite fields, so that they have practical applications in communication systems, consumer electronics and data storage systems. The objective of this paper is to give eight new classes of optimal ternary cyclic codes with parameters [3 m − 1, 3 m − 1 − 2m, 4], according to a result on the non-existence of solutions to a certain equation over F 3 m . It is worth noticing that some recent conclusions on such optimal ternary cyclic codes are some special cases of our work. More importantly, three of the nine open problems proposed by Ding and Helleseth in [8] are solved completely. In addition, another one among the nine open problems is also promoted.
Introduction
Let F q be the finite field with prime power q = p m elements, where p is the characteristic of the field and m is a positive integer. An [n, k, d] linear code is called a cyclic code if any (c 0 , c 1 , ..., c n−1 ) ∈ C implies (c n−1 , c 0 , c 1 , ..., c n−2 ) ∈ C. It is well known that every cyclic code of length n over F p can be regarded as an ideal g(x) of the principal ring F p [x]/(x n − 1), where g(x)|x n − 1 is monic and has the least degree. In addition, the definition of the dual code of code C is given by C ⊥ = {x ∈ F n p |x · y = 0, ∀ y ∈ C}, where x · y is the Euclidean inner product of x and y in F n p . For any codeword c = (c 0 , c 1 , ..., c n−1 ) ∈ C, the Hamming weight of c is defined to be w(c) = |{i|c i = 0, i = 0, 1, ..., n − 1}|.
Let A i denote the number of codewords of Hamming weight i in C for 1 ≤ i ≤ n, then {A 0 , A 1 , ..., A n } is said to be the weight distribution of code C. The weight enumerator of C is defined as follows:
A 0 + A 1 x + A 2 x 2 + ... + A n x n , where A 0 = 1. Cyclic codes over finite fields have practical applications in communication systems, consumer electronics and data storage systems, due to their efficient encoding and decoding algorithms [18, 19] . Moreover, they also have wide applications in cryptography [2, 7] and sequence design [14, 15] . All of these encourage many scholars to study cyclic codes in resent years [1, 3 − 6, 21, 22, 24 − 30] . In addition, it is a worthwhile subject to construct optimal cyclic codes over finite fields. For example, Carlet et al. constructed optimal ternary cyclic codes with minimum distance four, by using perfect nonlinear monomials in [2] . In 2013, Ding and Helleseth obtained some optimal ternary cyclic codes by employing almost perfect nonlinear monomials and some other monomials over F 3 m . They also presented nine open problems in [8] . After that, some of the open problems were solved by Li et al. in [9, 10] , by discussing the non-existence of solutions to a certain equation over F 3 m which has been mentioned in [8] . In 2014, Zhou and Ding gave a class of optimal ternary cyclic codes with parameters [3 m − 1, 3 m − 1 − 2m, 4] in [29] . Recently, Fan et al. obtained a new class of optimal ternary cyclic codes with minimum distance four. Furthermore, they also discussed the weight of the duals of the class of cyclic codes. What's more, Wang and Wu listed four classes of optimal ternary cyclic codes with parameters [3 m − 1, 3 m − 1 − 2m, 4] in [12] . In this paper, we study several classes of ternary cyclic codes C (1,e) with generator polynomials M (x)M e (x) for suitable values of e. In Section 2, we give some basic lemmas which will be frequently used to prove our main results. Based on the non-existence of solutions to a certain equation over F 3 m , eight classes of ternary cyclic codes are given with parameters [3 m − 1, 3 m − 1 − 2m, 4] and are thus optimal due to the Sphere Packing bound in Section 3 and Section 4. Close attention should be paid to the fact that we deal with three of the nine open problems proposed by Ding and Helleseth in [8] , in Section 4. Moreover, another one among the nine open problems is promoted in Section 4.
Preliminaries
In this paper, we only discuss the case that p = 3. Let F * 3 m be the multiplicative cyclic group of none-zero elements of F 3 m . Then there must exists an element α such that F * 3 m = α . For any integer s, 0 ≤ s ≤ 3 m − 1, the definition of 3−cyclotomic coset modulo 3 m − 1 containing s is as follows:
where n s is the least positive integer such that 3 ns s ≡ s(mod 3 m − 1). Obviously, α is a primitive (3 m − 1)th root of unity, then the polynomial M s (x) = i∈Cs (x − α i ) is defined as the minimal polynomial of α s over F 3 . Let C (1,e) denote the cyclic code of length 3 m − 1 over the finite field F 3 with generator polynomial M 1 (x)M e (x), where e / ∈ C 1 . It is known that the cyclic codes C (1,e) are optimal with parameters [3 m − 1, 3 m − 1 − 2m, 4], when e are some fixed integers [8 − 10, 12] . The following lemmas are very important to prove our main results, which have been given by Ding and Helleseth in [8] .
Lemma 2.1. For any integer 1 ≤ e ≤ p m − 2 with gcd(e, p m − 1) = 2, the cardinality of the p−cyclotomic coset C e is equal to m. The following three lemmas are also important and have been given by R. Lidl and H. Niederreiter in [23] .
Lemma 2.3. Let q be a prime power and g(x) be a nonconstant polynomial in
where deg(r(x)) < deg(g(x)). Moreover, gcd(f (x), g(x)) = gcd(g(x), r(x)).
Lemma 2.4. For any finite field F q and every positive integer n, where q is a prime power, the product of all monic irreducible polynomials over F q [x] whose degrees divide n is equal to x q n −x. Lemma 2.5. Let q be a prime power and let f (x) be an irreducible polynomial over F q of degree n. Then f (x) = 0 has a root x in F q m . Furthermore, all the roots of f (x) = 0 are simple and are given by the n distinct elements x, x q , x q 2 ,...,x q n−1 of F q n .
New optimal ternary codes with parameters
In this section, we will give four new classes of optimal ternary cyclic codes C (1,e) with parameters
, by discussing the non-existence of solutions to a certain equation over F 3 m .
From now on, we denote the set of all nonzero squares (or nonsquares) in F 3 m by QR (or NQR).
The first class of optimal ternary codes
Firstly, we consider the integer e with the following form
where m, s, t, k are integers such that 0 ≤ s, t ≤ m − 1 and 0 ≤ k ≤ t − 1. Proof. The congruence equation (1) 
Assume that m is even, by using the similar way with the above proof, then (ii),(iii) and (iv) can be proved immediately.
Suppose that e is an even solution of the congruence equation (1) From (1), we have (x + 1)
Furthermore, we reduce the above equation to
By (1), we know 3 t + e = e · 3 s + 3 k (mod 3 m − 1). So,
It is clear that the above equation has no solution in F 3 m \ {0, 1, −1} if gcd(t − k, m) = 1 and gcd(e − 3 k , 3 m − 1) = 1. Suppose that m is even. By Lemma 3.1, we get that t − k must be even if the congruence equation (1) has even solutions. This implies that 2|gcd(t − k, m), i.e., gcd(t − k, m) = 1. Therefore, there exists no optimal ternary cyclic code with parameters [ 
Assume that m is odd. Combining the above discussion and Lemma 3.1, we can obtain the following theorem. proof. We know that there must be some e is an even solution of (1), due to Lemma 3.1. According to (1) and gcd(t − k, m) = 1, we have gcd(e(3
So, gcd(e, 3 m − 1) = 2, as m is odd. From Lemma 2.1, we know |C e | = m. Obviously, e / ∈ C 1 as e is even. Combining Lemma 2.2 and the above discussion, the result could be derived immediately.
Notice that e(3 s − 1)
is a special case of (1) with k = 0. In this case, we have the following corollary immediately, which was one of the main results in [12] . Example 1. Let m = 3 and (s, t, k) = (2, 2, 1). Then (1) has only two solutions e = 4 or 17, by calculating. So, e = 4. Let α be the generator of F * 3 m with α 3 + 2α + 1 = 0. Then the ternary cyclic code C (1,e) has parameters [26, 20, 4] and is thus optimal with generator polynomial 
The second class of optimal ternary codes
In this subsection, we assume that
where m, s, t, k are integers such that 0 ≤ s, t, k ≤ m − 1. Proof. According to the proof of Lemma 3.1, we know that first we need to prove gcd (2(3
. So the congruence equation (2) have even solutions. Furthermore, we can get gcd(e(3 s + 1), 3
Then gcd(e, 3 m − 1) = 2 as e is even. From Lemma 2.1, we have |C e | = m. It is clear that e / ∈ C 1 as e is even. Therefore, this completes the proof of (i).
Suppose that m is even. As m/gcd(m, s) are odd, we can get gcd(3 s + 1, 3 m − 1) = 2. Furthermore, we have gcd(2(3 s + 1), 3 m − 1) = 4, as m is even. According to gcd(m, |t − k|) = 1, we have gcd(e(3 s + 1), 3 m − 1) = gcd(3 t + 3 k , 3 m − 1) = 4, which shows that (2) has even solutions. If gcd(e, 3 m − 1) = 4, then 8 | gcd(e(3 s + 1), 3 m − 1) as m is even, which is a contradiction. Then, it is easy to get that gcd(e, 3 m − 1) = 2. So, we obtain |C e | = m, by Lemma 2.1. Clearly, e / ∈ C 1 as e is even.
From Lemma 3.4, we can get the following theorem. Proof. Similar to the discussion of Subsection 3.1, we could obtain that conditions C2 and C3 in Lemma 2.2 are satisfied if gcd(3 t − e, 3 m − 1) = 1 and gcd(e − 3 k , 3 m − 1) = 1. Combining Lemmas 2.2 and 3.4, we could get Theorem 3.5 immediately.
Note that e(3 s + 1) ≡ 3 t + 1(mod 3 m − 1) is a special case of (1) with k = 0. In this case, it has been shown in [12, Theorem 2] , which is covered by Theorem 3.5. Moreover, it is worth noticing that more optimal ternary cyclic codes can be found than [12] .
Example 3. Let m = 7 and (s, t, k) = (4, 2, 1). Then (2) 
The third class of optimal ternary codes
In this subsection, we consider the following form on e, e ≡ (3
where h is an integer such that 0 ≤ h ≤ m − 1.
Lemma 3.6. Let e be given by (3) . Then e is even and |C e | = m if m is even and gcd(m, h + 1) = 1.
Proof. Obviously, e is even if m is even. Notice that gcd(3e, 3 m − 1) = gcd( Proof. From Lemma 3.6, we know that it is enough to prove that (x + 1) e ± (x e + 1) = 0 has no solution in F 3 m \ {0, 1, −1}. By taking 3th power on both sides of the above equation, we could get (x + 1) 3e ± (x 3e + 1) = 0. Obviously, we know that (x + 1) 3e ± (x 3e + 1) = 0 and (x + 1) e ± (x e + 1) = 0 have the same solutions. Next, we could discuss the solutions of the equation (x + 1) 3e ± (x 3e + 1) = 0 as follows:
(1)If x, x + 1 ∈ QR or x ∈ QR and x + 1 ∈ NQR. Since 3e = (2)If x, x + 1 ∈ NQR or x ∈ NQR and x + 1 ∈ QR. In this case, using the similar method in (1), we can obtain that (x + 1) 3e ± (x 3e + 1) = 0 is equivalent to (x + 1) 2 ((x + 1)
It is easy to see that the equation (x + 1) 2 ((x + 1) 
The fourth class of optimal ternary codes
where h is an integer such that 0 ≤ h ≤ m − 1. Obviously, we know that e is even only if m is odd.
Lemma 3.9. Let e be an integer and be given by (4) . Then e is even and |C e | = m if m is odd prime or m is odd and gcd(3 h+1 − 4, 3 m − 1) = 1.
Proof. It is clear that e is even if m is odd. If m is odd prime, then |C e | = m as e = 0. Moreover, note that gcd(3e, 3 m − 1) = gcd( Proof. Obviously, e is even and |C e | = m from Lemma 3.9. Similar to the proof of Theorem 3.7, we only need to discuss the solutions of the equation (x + 1) 3e ± (x 3e + 1) = 0 as follows:
(i) x, x + 1 ∈ QR or x ∈ QR and x + 1 ∈ NQR. As 3e = 3 m −1 2 + 3 h+1 − 4, the equation (x + 1) 3e ± (x 3e + 1) = 0 can be simplified to x
. Moreover, we suppose that x 0 ∈ F 3 m \ {0, 1, −1} is some root of f (x). Obviously, x 0 is a 3-heavy root of f (x). Therefore, x 0 is also a root of f ′′ (x) = x 3 h+1 −6 (x + 1) 3 . However, notice that f ′′ (x) = x 3 h+1 −6 (x + 1) 3 only has two solutions x = 0, −1, which shows that f (x) has no solution in
Furthermore, we know that f ′ (x) only has two solutions x = 1, −1 in F 3 m , as gcd(3 h+1 −5, 3 m −1) = 2. Since every root of f (x) is 3-heavy root, we could deduce that f (x) has no solution in
(ii) x, x + 1 ∈ NQR or x ∈ NQR and x + 1 ∈ QR. In this case, (x + 1) 3e ± (x 3e + 1) = 0 can be reduced to
3 . Due to m is odd, we have gcd(2(3 h+1 − 5), 3 m − 1) = 2. This implies that f ′ (x) only has two solutions x = 1, −1 in F 3 m . So, we can deduce that f (x) has no solution in
h+1 −6 (x + 1) 3 . Similar to (i), we can get that f (x) has no solution in F 3 m \ {0, 1, −1}.
Note that e = (3 m−1 − 1)/2 if h = 0 in (5) . In this special case, we can obtain the following corollary. Example 11. Let (m, h) = (3, 2), then e = 12. Let α be the generator of F * 3 m with α 3 +2α+1 = 0. Then the ternary cyclic code C (1,e) has parameters [26, 20, 4] 
Four open problems about the ternary cyclic codes C (1,e)
In this section, we will explicitly deal with three open problems among nine open problems about the ternary cyclic codes C (1,e) which have been proposed by Ding and Helleseth in [8] . Moreover, another one among nine open problems is promoted. So, four new classes of optimal ternary cyclic codes C (1,e) with parameters [3 m − 1, 3 m − 1 − 2m, 4] are obtained.
Solving the first open problem
In this subsection, we discuss the following form on e which has been given as open problem 7.15 by Ding and Helleseth in [8] ,
where h is an integer such that 0 ≤ h ≤ m − 1. In order to solve this problem, the following lemma is necessary. Proof. Clearly, e is even and |C e | = m by Lemma 4.1. Using same discussion in Theorem 3.7, it is clear that we could discuss the solutions of the equation (x + 1) 3e ± (x 3e + 1) = 0 as follows:
(i) x, x+ 1 ∈ QR or x ∈ QR and x+ 1 ∈ NQR. Since 3e =
As m is odd, we have
2(3 h+1 +1) = 1 only has two solutions x = 0, −1 which implies that f (x) has no solution in
(ii) x, x + 1 ∈ NQR or x ∈ NQR and x + 1 ∈ QR. In this case, we can obtain that (x + 1) 3e ± (x 3e + 1) = 0 is equivalent to x
Clearly, e = (3 m−1 − 1)/2 + 2 is a special case of (5) with h = 0. So, we can obtain the following corollary immediately. Example 12. Let (m, h) = (3, 0), then e = 6. Let α be the generator of F * 3 m with α 3 +2α+1 = 0. Then the ternary cyclic code C (1,e) has parameters [26, 20, 4] and is optimal with generator polynomial x 6 + x 5 + 2x 3 + 2x + 2. The dual of C (1,e) 
Solving the second open problem
In this subsection, we settle a problem which has been proposed as open problem 7.13 by Ding and Helleseth in [8] as follows: In order to solve this problem, we must first to prove that the following lemma hold. Proof. Clearly, e = 3 h + 5 is even for any h with 0 ≤ h ≤ m − 1. So e / ∈ C 1 . It is easy to get |C e | = m, as m is a prime and e = 0. Proof. Clearly, it is enough to prove that conclusions C2 and C3 in Lemma 2.2 are satisfied, from Lemma 4.4.
Firstly, we need to prove (x + 1) e + x e + 1 = 0 has no solution in F 3 m \ {0, 1, −1}. By taking 3 m−h th power on both sides of the above equation, we obtain (x+1) m−h +1 + 1, then we know that every root of f (x) must be 3 m−h -heavy root, according to the above discussion.
Assume that there exists some
According to Lemma 2.3, we have that gcd(g(x), x e + x e + 1 = 0 has no solution in
Secondly, similar to the above discussion, we could prove that (x + 1)
e − x e − 1 = 0 has no solution in F 3 m \ {0, 1, −1}.
Remark 2. For m ∈ {3, 5, 7, 11, 13, 17}, the ternary cyclic codes C (1,e) 
Solving the third open problem
In this subsection, we consider the open problem 7.14 in [8] Proof. According to Lemma 4.6, we only need to prove that conclusions C2 and C3 hold.
In the first place, we verify that (x + 1) e + (x e + 1) = 0 has no solution in C (1,e) 
Promoting the fourth open problem
In this subsection, we discuss the open problem 7.12 in [8] Remark 4. We spare no efforts to solve the open problem 4 completely. However, we could only prove that the ternary cyclic codes C (1,e) are optimal with parameters [3 m − 1, 3 m − 1 − 2m, 4] if condition 2) hold. As for condition 1), we could not prove the ternary cyclic codes C (1,e) are optimal, which means that new techniques are required. 
Conclusions
In this paper, eight new classes of optimal ternary cyclic codes with parameters [3 m −1, 3 m − 1 − 2m, 4] were studied, by discussing the non-existence of solutions to a certain equation over F 3 m . The first two classes of optimal ternary cyclic codes are more general cases of some results in [12] . Furthermore, it is worth noticing that some recent conclusions on such optimal ternary cyclic codes are some special cases of our work. Moreover, the other two new classes of optimal ternary cyclic codes are also important in Section 3. More importantly, we solve three of the nine open problems proposed by Ding and Helleseth in [8] completely. In addition, another one among the nine open problems is also promoted in Section 4. It is easy to see that most of the duals of the optimal ternary codes listed in this paper have few nonzero weights. So, it would be an interesting problem to determine the weight distribution of these dual codes.
